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Abstract. In this article we introduce some I-convergent difference sequence spaces of fuzzy real numbers
defined by modulus function and study their different properties like completeness, solidity, symmetricity etc.

1. Introduction.The notion of I-convergence of real valued sequence was studied at
the initial stage by Kostyrko, Salat and Wilczyniski (2000-2001) which generalizes and unifies
different notions of convergence of sequences. The notion was further studied by Salat, Tripathy
and Ziman (2004).

The notion of fuzzy sets was introduced by Zadeh (1965). After that many authors have
studied and generalized this notion in many ways, due to the potential of the introduced
notion. Also it has wide range of applications in almost all the branches of studied in particular
science, where mathematics is used. It attracted many workers to introduce different types of
fuzzy sequence spaces.

Bounded and convergent sequences of fuzzy numbers were studied by Matloka (1986). Later
on sequences of fuzzy numbers have been studied by Kaleva and Seikkala (1984), Tripathy and
Sarma (Tripathy and Das, 2008 and Zadeh, 1965) and many others.

A function f : [0,00) — [0, 00) is called a modulus function if
(a) f(z)=0if and only if 2 =0
(b) flz+y) < f(z)+ fly), forall z >0,y > 0
(c) f

)

(d) f is continuous from the right at 0.

is increasing

Kizmaz (1981) defined the difference sequence spaces £o(A), ¢(A),co(A) for crisp sets as
follows :
Z(A)={X = (Xp): AX, € Z}
where Z = l, ¢ and cg.

2. Definitions and Background. Let X be a non-empty set, then a non-void class
I C 2% (power set of X) is called an ideal if I is additive (i.e. A,B €I = AUB € I) and
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hereditary (i.e. A€ T and BC A= Be&cI). Anideal I C 2% said to be non-trivial if T #* 2X
A non-trivial ideal [ is said to be admissible if I contains every finite subset of N. A non-trivial
ideal I is said to be maximal if there does not exist any non-trivial ideal J # I containing I as
a subset.

Let X be a non-empty set, then a non-void class F C 2% is said to be a filter in X if ¢ ¢
F;AABe F=ANBeFand A€ F, AC B= B € F. For any ideal I there is a filter ¥(I)
corresponding to I, given by

U([)={K CN:N\K €T}
Let D denote the set of all closed and bounded intervals X = [a1, b1] on the real line R. For
X =la1,b1] € D and Y = [ag, bo] € D, define

d(X, Y) = max(|a1 — b1|, |CL2 — bQD

It is known that (D, d) is a complete metric space.

A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R — L(= [0, 1]) associating
each real number ¢ with its grade of membership X (t).

The a-level set X of a fuzzy real number X for 0 < o < 1, defined as

X*={teR:X(t) > a}
A fuzzy real number X is called convex, if X(t) > X(s) A X(r) = min(X(s), X(r)), where
s<t<r.
If there exists tg € R such that X (¢9) = 1, then the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper semi-continuous if for each e > 0, X~1([0,a +
g)), is open for all a € L in the usual topology of R.

The set of all upper semi-continuous, normal, convex fuzzy number is denoted by L(R).
The absolute value | X| of X € L(R) is defined as

X[ {max{X(?X(—t)}, li t> 0}
, if t<0

Let d: L(R) x L(R) — R be defined by

d(X,Y)= sup d(X* YY)
0<a<1

Then d defines a metric on L(R).

A sequence (X}) of fuzzy real number is said to be convergent to the fuzzy real number Xy,
if for every € > 0, there exists ng € N such that d(Xy, Xo) < ¢ for all k& > nyg.
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A fuzzy real valued sequence space E¥ is said to be solid if (Y3,) € E¥ whenever (X},) € EF
and Y| < | Xyl for all k € N.

A sequence (Xj) of fuzzy numbers is said to be I-convergent if there exists a fuzzy number

Xy such that for all € > 0, the set {n € N : d(Xj, Xo) > e} € I.
We write I — lim X3, = Xj).
A sequence (Xj) of fuzzy numbers is said to be I-bounded if there exists a real number p

such that the set {k € N : d(Xy,0) > u} € I.

Throughout ¢/(¥), cé(F) and Z&F) denote the spaces of fuzzy real-valued I-convergent, I-null
and a I-bounded sequences respectively.

We define the following classes of sequences :

(@) (.8) = {(x0): (ks p(AAKeL))

d(AXy,0)
T

> ¢, for some r >0 and LGR(I)} EI}

(cé)F(f,A):{(Xk):{kj:f( )25, for some 7“>0}€I}

Also we define
(mHF(f,A) = () (F, )N L (f, D),
(M) (f,8) = ()" (f, D) N LL(f,A)

3. Main Results

THEOREM 3.1 The spaces (m))F(f,A) and (md)F(f,A) are complete metric spaces with
respect to the metric given by
1}

d(AXk, AYk))
T

IA

g(X,Y) =d(Xy,Y)) + inf {r >0: Supf(
k

Proof: Let (X™) be a Cauchy sequence in (m!)¥(f, A), where X" = (X"
-

Let € > 0 be given. For a fixed zoy > 0, choose r > 0 such that f(’T) >1and mg € N
such that g(X™, X™) < ;= for all n,m > mg

By definition of g we have, J(X{", Xf) <e
Thus (X7") is a Cauchy sequence of fuzzy real numbers and so lim X" exist.

Again
d(AX, AX]) rZo
f( o xn ) <1< (%)

= d(AX]",AX}]) <

Wl ™
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Thus (AX}") is a Cauchy sequence of fuzzy real numbers and so lim AX " = AX), exist.
m

Moreover using the existence of lim X7" we can conclude that lim X;" exist.
m m

d(AX], AX

Using continuity of f, f ((k—’k)) <1

r

Taking infimum of such r’s we get (X", X) < % < ¢ for all n > my.
Thus (X™) converges to X.

Since X™, X" € (m!)¥(f, A) so there exist fuzzy numbers Y,,, Y, such that
_ ) d(AX", V) €
o e (RO 2 e

- {keN:J(AX,T,Yk) < (g)} ew
B = {keN:J(AX,T,Ym) < (%)} cv

Now ANB € and let k€ AN B.
Then

d(Ye,Ym) < d(Yi, AX]) + d(AX7, AXT) +d(AX], Y )
< ¢ for all n,m > my.

Thus (Y}) is a Cauchy sequence of fuzzy real numbers. So there exists a fuzzy real number
Y such that limY, =Y. To show that I-llimAX, =Y.

This follows from above inequalities as

d(AXy,Y) < d(AXy, AX]") + d(AX]", Vi) + d(AY},Y)
<n.

Thus I-lim X, = Y. Thus (X;) € (m)F(f, A).
THEOREM 3.2 The sequence spaces (cb)¥'(f,A), (mD)F(f,A) and (md)F (f,A) are solid.

Proof: We prove the result for (c})f'(f,A). For the other spaces the result can be proved
similarly.

Let (X) € (C(I))F(f,_A) and (Yy) be such that |Yj| < |Xj|, for all K € N. Then for given
8>0,A:{k€N:f<M) > e, forsomer>0}€[

Since f is increasing, B = {k eN: f(M) > ¢, for some r > O} cA

Thus B € I and so (V) € (c})¥(f,A). Hence (c))F'(f,A) is solid.
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PROPERTY 3.3 The sequence spaces (c))F(f,A), (cDHE(f,A), (mHE(f,A) and (md)F(f, A)
are not convergence free.

For this result consider the following example.
EXAMPLE 3.2 Let I = Is and f(x) = x. Consider the sequence (Xy) defined as follows:

For k #i% i€ N
1, for 0 <t <kt

Xi(t) = .
0, otherwise
And for k =4% i € N, X,(t) =0.
Then for « € (0, 1] we have,

[0,0], if k=2
[Xk]a = { _1 . .
[0,k71 if k#i?

and
[—(k+1)"% 0], for k=i
[AX]" = [0,k71], for k=42—1(i #1)
[f(k: +1)74 kil} , otherwise

Hence AX;, — 0 as k — oo. Thus (X) € () (f,A) C (I (f,A)
Let (Y}%) be another sequence such that:

1 if 0<t<k
Yi(t) = .
0, otherwise

And for k=2, i € N, Yi(t) =0.

Now for all a € (0, 1] we have,

[Oa 0]7 1f k = iz
=
[0, k] if k#i?
and
[—(k+1),0], for k=42
[AYE]* = [0, k], for k=1d?>—1(i#1)
[—(k+1),k], otherwise

This implies (Vi) ¢ (c))7 (£, A) € ()7 (£, A)

Hence (c))'(f, A), ()Y (f, A) are not convergence free. Similarly the other spaces are also
not convergence free.
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Proof: Let Z = (¢!)F and (Xj) € (¢!)¥(f1,A)
Then

THEOREM 3.4 Z(f1,A) C Z(f20f1,A) for Z = (cHE, (ch)F and (¢1)F.

{k:f1 (M)zs, for some T>O}€I
r

Since f5 is continuous, so for e > 0 there exist n > 0 such that fa(g) = 7.

The result follows from

f2 (fl (M)> > fae) =1

r

THEOREM 3.5 Z(f,A) C ((L)F(f,A) for Z = ()F, (ch)F

Proof: The proofs are obvious.
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