RMS and charge radii in a potential model

Tapashi Das, D. K. Choudhury &
K. K. Pathak

Indian Journal of Physics
ISSN 0973-1458

Volume 90
Number 11

di
Indian J Phys (2016) 90:1307-1312 I n I a n
DOI 10.1007/s12648-016-0866-1 J 0 u rn a I Of
[ )
P h S I cs Official Publication
of the Indian
y Association

for the Cultivation
of Science

@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Indian
Association for the Cultivation of Science.
This e-offprint is for personal use only

and shall not be self-archived in electronic
repositories. If you wish to self-archive your
article, please use the accepted manuscript
version for posting on your own website. You
may further deposit the accepted manuscript
version in any repository, provided it is only
made publicly available 12 months after
official publication or later and provided
acknowledgement is given to the original
source of publication and a link is inserted
to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



Indian J Phys (November 2016) 90(11):1307-1312
DOI 10.1007/s12648-016-0866-1

inge

o tion 2y
°
e 9
~
& CrossMark

S

@

ORIGINAL PAPER

RMS and charge radii in a potential model

T Das'#, D K Choudhury"? and K K Pathak®
1Depautment of Physics, Gauhati University, Guwahati 781014, India

2Physics Academy of North-East, Guwahati 781014, India

3Department of Physics, Arya Vidyapeeth College, Guwahati 781016, India

Received: 12 January 2016 / Accepted: 02 March 2016 / Published online: 19 May 2016

Abstract: The Dalgarno’s method of perturbation is used to solve the Schrodinger’s equation with the Cornell potential
V(ir)=- % + br + c. The short range and long range effect of the potential is incorporated in the same wave function by
using two scales 5 and " as an integration limit. The results for bounds on r.m.s. radii of various heavy flavored mesons
are reported.We have also showed the relation between r.m.s. and charge radius of mesons.
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1. Introduction

Quantum Chromodynamics (QCD) [1] is established to be
the successful theory of strong interaction and the
remaining problem in our understanding of QCD has to do
with quark confinement in hadrons. It is expected that
confinement is the dominant quark-antiquark or quark-
quark interaction at large separation distances and therefore
plays the vital role to explain the properties of highly
excited (large sized) hadrons [2]. In the last few years, the
heavy-heavy mesons (1.,J/W, 1., hes My, 2p(1,2,3P), by, 7y
etc.) have been widely studied theoretically as well as
experimentally. Again highly excited light-quark mesons
show a hydrogen-like spectral pattern [3] and can be
reproduced within a non relativistic constituent quark
model framework which becomes asymptotically coulom-
bic [4]. Thus the distance or scale behaviour of the QCD
potential in studying the static and dynamic properties of
hadrons is still a topic to explore. The method of pertur-
bation in this context has the advantage of choosing parent
(more dominant) and perturbative(less dominant) term
from the QCD potential. The advantage of taking Cornell
Potential for study is that it leads naturally to two choices
of parent Hamiltonian, one based on the Coulomb part and
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the other on the linear term, which can be usefully com-
pared [5]. Aitchison and Dudek [6] have showed that with
Coulombic part as parent (VIPT), bottomonium spectra are
well explained than charmonium, where as charmonium
states are well explained with linear part as parent.

In this spirit a QCD potential model has been pursued
for the two choices in seperation in ref. [7-9] by consid-
ering the Dalgarno’s method [10, 11] of perturbation. The
results include static and dynamical properties of heavy
flavored mesons, like their form factors, masses, decay
constants as well as Isgur wise function. Here in this work,
we emphasise in the ground state of heavy-light mesons as
well as ¢¢ and bb states, though cc and bb has numbers of
excited states for different /" and ‘s’ values.

However, while using perturbative method, one should
consider two aspects of Quantum Mechanics: (a) The scale
factor ‘c’ in the potential should not affect the wave
function of the meson even while using perturbation theory
to be compatible with quantum mechanical idea and

(b) The specific choice of perturbative piece (coulomb
or linear) should determine the perturbatively compatible
effective radial separation between the quark and the anti-
quark.

In the present work, we therefore show that only in the
short distance range (0< r < r¥), linear potential is per-
turbatively compatible while for the alternative choice
(coulomb as perturbation), the corresponding range
belongs to large distance (' < r < oo0). The exact
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magnitudes of r and r5 have explicit dependence on strong
coupling constant oy, the confinement parameter b and on
the scale factor c.

The aim of the present paper is to outline the new fea-
tures of the improved version of the model and present the
prediction for the bounds on r.m.s. radii of pseudoscalar
heavy flavored mesons (both heavy light and heavy heavy).
Comparison is then made with those of other models
available in literature.

2. Formalism
2.1. Definition of r.m.s. radius

The r.m.s. radius [12, 13] of the bound state of quark and
anti quark like meson is defined as

)= [ PP (1
having radial wave function ¥(r).
2.2. Definition of charge radius

The standard definition of charge radius [14] is

&2 )
d—QZeF(Q )|Q2:O (2)
where F(Q?) is a meson form factor [15, 16].

Using above equation, the charge radii of various heavy
flavored mesons are calculated in ref.[17, 18].

3 =6

2.3. Relation between RMS and charge radius

The charge radii can be measured with electromagnetic
probe whether the RMS radii defined as in Eq. (1) cannot
be measured with electromagnetic probe. The RMS radius
is nearly the average < r*> > of the quark wave function,
which presumably may be determined in Quark Gluon
Plasma (QGP) experiments presently studied at LHC [19].
However a simple approximate relationship between the
two can be found from the following equation

2 2 3 3 2 (M ¥
rEZZEi <ri>+m/dp|q)(p)| (E)

derived by Godfrey and Isgur [20].

Here ¢; is the charge of the ith quark/antiquark, r; and r,
are the distances of the two quarks/antiquarks measured
from the centre of mass, m is the mass of the quark and
E = /p* + m?. ®(p) is the quark momentum distribution.
The exponent f can be determined in a semi-empirical way.

We obtain the inequality

(3)

ré > Ze,-(riz) (4)

making the transformation of the co-ordinate we choose
one of the quarks/antiquarks located at the origin. It results
in

rz > e(r?) (5)

where (r?) can be interpreted as the standard RMS as
defined in Eq. (1) and e = e;.

It yields the desired results: the ratio of the charge radii
and RMS radii of the meson should always be more than
the square root of the charge of the quark/anti quark of the
meson having the larger value. As an illustration for D"
meson, the ratio should not be less than +/ %

2.4. The total wave functions with an improved
perturbative approach

The Schrodinger equation describing the quark-anti quark
bound state is

hZ
—— V() + (E-V)Y(r) =0 (6)
2m
The standard QCD potential is defined as [14]
40,
V(r):—3—0;+br+c (7)

Where —% is due to the color factor, o is the strong cou-
pling constant, r is the inter quark distance, b is the con-
finement parameter (phenomenologically, b = 0.183 GeV>
[21]) and ‘c’ is a constant scale factor.

For potential (7), we can make four choices:

Choice-I: — % as parent and br + c as perturbation

Choice-II: br as parent and — ‘%‘ + ¢ as perturbation

Choice-III: — % + ¢ as parent and br as perturbation and
4o,

Choice-IV: br + ¢ as parent and —3* as perturbation

It is well known in quantum mechanics that a constant term
‘c’ in the potential can at best shift the energy scale, but
should not perturb the wave function. This important point
has been overlooked in earlier publications [7-9] of the
subject, but the present work takes into account this.

We use the Dalgarno’s method of perturbation to con-
struct the wave functions.

The wave function for choice-I [7] including relativistic
effect is

N 1 r - _r

total 1 3_ - 2 a
Y (r) = _nag {1 + cAoy/ Tag 2,ubaor } <a0> e w,
(3)

where Ay is the undetermined co-efficient appearing from
the series solution of Schrodinger’s equation and
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4 ! —2uWP A, + 2ubA,
= = uo 9 = 19
@ (3 u) O A= (19)
_mma (10) The different parameters are given by,
my + myp 1
: p1 = (2ub): (20)
Here m; and m, are the masses of quark and anti quark
respectively and u is the reduced mass of the mesons and [371(411 — 1)}% 1)
Po=— |7~
4\’ 0 8
—1_ _(Z 11
e=1 1 <3 OC") (11) (In our case n = 1 for ground state)
provides the relativistic effect [22, 23] due to Dirac ki =1 +]f (22)
modification factor and N; is the normalization constant r
given by :0.3550281 — (0.2588194)p, (23)
1 (0.2588194)p,
N, = ; ; T 2
[fooc % [1 + cAgy/mag — %,ubaorz] (é) e%dr] ka =2 (24)
(12) w! :/‘/j(o)*H/wo)dT (25)
Similarly, the wave function for choice-II upto O(r*) is
calculated in ref. [24] and is given by wo = / ‘//(0)*[.10‘//(0)(11. (26)
N
otal 2 2 3
Yrr(r) = - [1+A1(r)r+ A (r)r? + As(r)r The above analysis illustrates that the scale factor ‘c’ has
. F\ ¢ (13) observable effect in the final wave function if we apply
+A4(r)r*]Ailpir + pol (a_o) Dalgarno’s method of perturbation. Now in the present

where A;[r] is the Airy function [25] and N, is the
normalization constant

1
N, =

work we want to see whether the term ‘c’ has also its affect
even if we consider ‘c’ in the parent part of the

Hamiltonian.

o Anl + Ay (r)r + Ag(r)r + A3 (r)r® + Aa(r)r* ) (Ailpy r + Po])z(r)_zgd'l

T

: (14)

Ao

The co-efficients of the series solution as occured in
Dalgarno’s method of perturbation, are the functions of
o, 4, b and c:

Ao =0 (15)
o
Ap=——t5 (16)
2p1k1 +,01k2
—2u(W!' —¢
=W —) (17)
2+4p ki + ptka
—2uWPA
3 2o (18)

~6 + 6p,k1 + p3ky

Using Dalgarno’s method of perturbation the total wave
function for choice-III upto O(r*) is

N 1 1 I
l//lotal(}l_) _ 3 - |:] ——,ubaor2 _ —,uzbcaorq (L) e @
ap

nag 2 20

(27)

where the normalization constant N3 is

1
N3 = T
00 472 1 2_ 1,2 2\ x|
IN I (1 — L pbagr? — & 12bcagrt| (a—o) e wdr

(28)
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Similiarly, the wave function for choice-IV including
relativistic effect considering upto O(*) is

l//zotal(r) _ & [1 _|_A1(r)r+A2(r)”2 +A3(r)73

' ) (29)

A o+ ol (2

where N, is the normalization constant given by

Case-I: For coulomb as parent and linear as perturbation:

4ot
5 Sy (36)
3r
and

Case-II: For linear as parent and coulomb as
perturbation:

1
No = 2 1% (30)
S Anl+ A+ As(r)2 + As()P + A PPy + ol (2) dr}
The co-efficients are 4o
br > —— (37)
3r
Ap=0 (31)
. From (36) and (37) we can find the bounds on r upto which
A = —2u7 (32) case-I and II are valid. Case-I gives the cut off on the short
2p.ki + p2ky distance 5, < 43—“}; and case-II gives the cut off on the
oW long distance 7k, > /%
A, = I~ (33) In Table 1, we show the bounds on r° and r~ in Fermi
Tapik A+ pike which yields exact/most restrictive upper bounds of the
—2u(W° — o)A uantities to be calculated.
A = —2u(W” — )AL 34) 1

6 + 6p,ki + pik,

—2u(WY — ¢)As + 2ubA
Ay = 1( c) 2+2,U L (35)
12 + 8p1k1 + plkz

The Egs. (27) and (29) have showed that even if we con-
sider the scale factor ‘c’ in the parent Hamiltonian, then
also it affects the total wave function.

Therefore, Dalgarno’s method in general conflicts with
the quantum mechanical notion that the scale factor ‘c’
should not have an observable effect except the energy
shift.

There are two possible ways of making the perturbative
approach adequate to quantum mechanics. At phe-
nomenological level one keeps the scale factor in the
potential so that it can contribute to the short and long
range of the inter quark distance without changing the total
wave function in a true sense. A more theoretically satis-
factory approach will be to limit the domain of the appli-
cability of Dalgarno’s method, that it is not applicable to
potential having non-zero scale factor. This approach is
then corrected quantum mechanically. We take this latter
view point in the present paper.

For the validation of the quantum mechanical expecta-
tion we therefore consider ¢ = 0 in the potential (7). In
such situation choice-I & II and III & IV are identical.

Now to find the cut offs we use perturbation conditions:

Again the application of Airy function as meson wave
function needs suitable cut off to make the analysis nor-
malizable and convergent. We therefore set the cut off (7)
in the range 1 Fermi (5.076 GeV™) [26] for our
calculations.

The Eq. (1) of Sect. 2.1 is thus modified to

I‘S ry
(Foms?) = /0 Py (r))dr + / P (r))dr (38)

L

3. Results and discussion

Using Eq. (38) and with the help of the wave functions
from Egs. (27) and (29) we compute the bounds on RMS
radii of various mesons in the ground state (I =0) and
results are tabulated in Table 2. However it is to be noted
that 75 and r* are the perturbative saturation lengths for
coulomb parent and linear parent respectively. The proper
perturbative range should be far less than the cut offs r’
and rL. The upper bound corresponds to the sum of the
contribution of the two options at short (coulomb parent)
and long distances (linear parent), while the lower bound
correspond to the minimum of the two (linear parent).

The input parameters in the numerical calculations used
are same as our previous work [27-29]; m, = 0.336 GeV,
mg = 0.336 GeV, m; =0.483GeV, m.=1.55GeV and
my, = 4.95GeV, b = 0.183 Ge V.
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Table 1 5 and % in Fermi with b = 0.183 GeV?

Scale r$ = rl (Fermi)
c-scale

(ot = 0.39) 0.33207
b-scale

(o5 = 0.22) 0.24941

Table 2 Bounds on RMS radii (7,,,s) in Fermi with c=0

s Meson Bounds on (7,,) in Fermi
0.39 7t (ud) 0.2914-1.1334

K (us/ds) 0.2940-1.1184

D(cit/cd) 0.3008-1.0924

D (c3) 0.3091-1.0747

Iy (cc) 0.3489-1.0530
0.22 B} (bc) 0.3841-1.0942

©(bb) 0.4439-1.1331
Table 3 r,,, values in Fermi
Meson Tms (Fermi)

Ref. [33] Ref. [34] Ref. [35]
cc 0.4490 0.4453 0.4839
bb 0.2249 0.2211 0.2672

In Table 3, we give the different model predictions of
rms radii for heavy flavored mesons available in literature
[30-32].

From Table 3, we see that the value of rms radii for cc is
well within the range of Table 2, but the result for bb is out of
range. A higher value of cut off parameter (ry) in this sense
can improve the results for b and then the other theoretical
predictions can be accomodated within the range.

In this work we have taken the cut off ry =1 Fermi (5.076
GeV~!) [26]. However from the result we can conclude that
the scale for light-light, heavy-light and heavy-heavy
mesons should not be same, rather it should be increased with
the increase of the mass scale in a particular way.

From Table 2, the bounds on r,,, for D*(cd) is
0.3008-1.0924 Fermi and hence the corresponding value of
charge radii (rg) should be more than this bound as total
charge of the meson is +1 and this fact is found to be within
the prediction. Thus the validitity of Eq. (5) is also tested.

4. Conclusions

We have applied the perturbatively compatible approach to
the QCD potential model studied earlier [7-9, 24, 27] and

computed the upper and lower bounds of the RMS radii of
heavy light mesons. The theoretical prediction of bound for
cc meson is shown in Table 3. However the ‘c’ itself
cannot be determined from the perturbative analysis. There
is a suggestion in ref. [7] that the scale should not exceed
~ 1 GeV for heavy flavored mesons which is consistent
with models of ref. [30-33, 36].

Let us now comment on the physical significance of
RMS radii of heavy flavored mesons and their plausible
experimentally observable possibilities. The present work
will hopefully be useful to extract information on RMS
radii from the charge radii itself for heavy flavored mesons,
where model predictions are available in current literature
[18, 34, 35]. We also check the sensitivity of the cut off
parameter (rp) which is taken to be 1 Fermi in this work
and the results show that the cut off parameter should not
be same for light-light, heavy-light and heavy-heavy
mesons, rather the cut off parameter should be increased
from light to heavy mesons. Moreover it is to be noted that
the coupling constant (o) is chosen only in two scales:
charmonium (o; = 0.39) and bottomonium (o, = 0.22)
scales. A scale dependent o [37] might be useful in this
context.

Although several theoretical models are available in
literature, but there is no present experimental information
either on charge radii or RMS radii of heavy flavored
mesons. Hopefully, future experiments eg., PANDA [38],
LHCb [19] will yield more information to test the validity
of the simple relations as well as data.
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